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Abstract
In this paper, all connected graphs with the fourth largest Laplacian eigenvalue less than two
are determined, which are used to characterize all connected graphs with exactly three Laplacian
eigenvalues no less than two. Moreover, we determine bipartite graphs such that the adjacency
matrices of their line graphs have exactly three nonnegative eigenvalues.
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1. Introduction
Let G be a simple graph with vertex set V . Denote by D(G) = diag(du, u ∈ V )
(du is the degree of vertex u) and A(G) the degree diagonal and the adjacency matrices
of G, respectively. Then L(G) = D(G) − A(G) is called the Laplacian matrix of G (for
example, see [8]). Clearly, L(G) is a positive semidefinite matrix. So the eigenvalues of
L(G) are denoted by λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) = 0 and called the Laplacian
eigenvalues of G. Moreover, the eigenvalues of A(G) are called the eigenvalues of G and
denoted by µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G). Throughout this paper, we always assume
that a graph has at least four vertices.
Since the algebraic properties of the Laplacian matrix are used as a bridge between
different kinds of structural properties of a graph, the relation between the structural (com-
binatorial, topological) properties of a graph and the algebraic ones of the corresponding
Laplacian matrix is a very interesting topic (see [8], [9], [12] and the references therein).
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In the work of determining graphs with a small number of Laplacian eigenvalues exceed-
ing a given value, Grone et al. in [3] and Merris in [7] studied the relations between the
structure of graphs and the number of Laplacian eigenvalues greater than two. Guo and
Wang [4] presented an upper bound for the number of maximum matchings of G in terms
of the number of the Laplacian eigenvalues of G with no less than two. In particular,
if 2 is not a Laplacian eigenvalue of a tree, then G does not have perfect matchings.
On the other hand, Gutman et al. in [5] and [6] discovered some connections between
photoelectron spectra of saturated hydrocarbons (alkanes) and the Laplacian eigenvalues
of the underlying molecular graphs. Hence Petrovic´ et al. in [10] stated that the results
obtained in this work can be of interest in the photoelectron spectroscopy of organic com-
pounds and characterized all connected bipartite graphs with λ3(G) ≤ 2. On the back-
ground of spectral graph theory and graph theory, the reader may be referred to [2] and [1]
respectively.
This paper is organized as follows. In Section 2, we study some graphs with λ4(G))< 2.
These results are used, in Section 3, to determine all connected graphs with λ4(G) < 2.
In Section 4, we characterize all connected graphs with exactly three Laplacian eigenvalues
no less than two and all connected bipartite graphs such that the adjacency matrices of their
line graphs have exactly three nonnegative eigenvalues.
2. Some graphs with λ4(G) < 2
The following is a well known result on the Laplacian eigenvalues (for example, see [3]).
It will be used often in this paper.
Lemma 2.1. Let G be a simple graph of order n. If H is a subgraph of G of order m ≤ n
(not necessarily an induced subgraph), then for i = 1, . . . , m, we have
λi (G) ≥ λi (H ). (1)
We shall study the set G of all connected graphs G with the property
λ4(G) < 2. (2)
The property (2) is hereditary. As a direct consequence of Lemma 2.1, whenever G satisfies
(2) and H is a subgraph, then H also satisfies (2). Hence the hereditarity of the property
(2) implies that there are minimal graphs that violate (2); such graphs are called forbidden
subgraphs. By a direct calculation, we have the following simple result.
Lemma 2.2. The following graphs as in Fig. 1 are forbidden subgraphs of G in G, i.e.
λ4(Hi) ≥ 2 for i = 1, . . . , 7.
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Fig. 1.
We begin with specifying some classes of graphs satisfying (2).
Lemma 2.3. Let G1(p, q, r) be a graph of order n = p + q + r + 6 as in Fig. 2, where
p, q, r ≥ 0. Then λ4(G1(p, q, r)) < 2, i.e. G1(p, q, r) ∈ G.
Fig. 2.
Proof. By Lemma 2.1, we may assume that p = q = r ≥ 1, since G1(p, q, r) can be
regarded as a connected subgraph of G1(p + q + r, p + q + r, p + q + r). By a direct
calculation, we can show that the characteristic polynomial of L(G1(p, p, p)) is equal to
λ(λ − 1)3p−3[(λ3 − (p + 8)λ2 + (2 p + 16)λ − 9]2[λ2 − (p + 5)λ + (2 p + 4)]
=: λ(λ − 1)3p−3g(λ).
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Then g(0) = −9 < 0, g(1) = p > 0, g(2) = −1 and g(p + 6) = 4 p + 15 > 0.
Hence g(λ) = 0 has exactly one root no less than two (in the sequel, we shall always use
this method to discuss the distribution of the roots of the equations considered). Therefore
L(G1(p, p, p)) has exactly three eigenvalues no less than two. So λ4(G1(p, q, r)) < 2
and G1(p, q, r) ∈ G. 
Lemma 2.4. Let G2(p) be a graph of order n = p + 6 as in Fig. 3, where p ≥ 0. Then
λ4(G2(p)) < 2, i.e. G2(p) ∈ G.
Fig. 3.
Proof. We may assume that p ≥ 1. By a direct calculation, we can show that the
characteristic polynomial of L(G2(p)) is equal to
λ(λ − 1)p−1(λ2 − 6λ + 7)[λ4 − (p + 9)λ3 + (6 p + 27)λ2
− (9 p + 31)λ + (2 p + 12)].
Then λ3(L(G2(p))) ≥ 2 and λ4(G2) < 2. Therefore G2(p) ∈ G. 
Lemma 2.5. Let G3(p, q, r) be a graph of order n = p + q + r + 4 as in Fig. 4, where
p ≥ 0 and q ≥ r ≥ 0.
(i) If r = 0; or p ≤ 1; or p = 2, 1 = r ≤ q ≤ 6; or 3 ≤ p ≤ 5, 1 = r ≤ q ≤ 3; or
1 = r ≤ q ≤ 2, then λ4(G3(p, q, r)) < 2, i.e. G3(p, q, r) ∈ G.
(ii) If p ≥ 2, 2 ≤ r ≤ q; or p = 2, r = 1, q ≥ 7; or 3 ≤ p ≤ 5, r = 1, q ≥ 4; or p ≥ 6,
r = 1, q ≥ 3; then λ4(G3(p, q, r)) ≥ 2, i.e. G3(p, q, r) /∈ G.
Fig. 4.
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Proof. If r = 0 or p = 0, then by Lemma 2.3, λ4(G3(p, q, r)) < 2. If p = 1 and
q = r ≥ 1, then the characteristic polynomial of L(G3(1, q, q) is equal to
λ(λ − 1)2q−2[λ2 − (q + 4)λ + 3][λ4 − (q + 8)λ3 + (6q + 20)λ2
− (9q + 18)λ + (2q + 5)].
Hence L(G3(1, q, q)) has exactly three eigenvalues no less than two. So λ4(G3(1, q, q))
< 2 and therefore λ4(G3(p, q, r) < 2 for p ≤ 1. By a similar argument, we can show that
the assertion holds for the other cases. 
Lemma 2.6. Let G4(p, q, r) be a graph of order n = p + q + r + 4 as in Fig. 5, where
p ≥ q ≥ r ≥ 0.
(i) If r = 0; or p ≥ q = r = 1; or r = 1, 2 = q ≤ p ≤ 4; then λ4(G4(p, q, r)) < 2,
i.e. G4(p, q, r) ∈ G.
(ii) If p ≥ q ≥ r ≥ 2; or r = 1, q = 2, p ≥ 5; or r = 1, p ≥ q ≥ 3; then
λ4(G4(p, q, r)) ≥ 2, i.e. G4(p, q, r) /∈ G.
Fig. 5.
Proof. If r = 0, p = q ≥ 1, then the characteristic polynomial of L(G4(p, q, r)) is
equal to
λ(λ − 1)2p−2(λ − 4)[λ4 − (2 p + 10)λ3 + (p2 + 12 p + 33)λ2
− (2 p2 + 18 p + 40)λ + (8 p + 16)].
Hence λ4(L(G4(p, p, 0))) < 2 and therefore by Lemma 2.1, λ4(G4(p, q, r = 0)) < 2.
By a similar argument, we can show that the assertion holds for the other cases. 
Lemma 2.7. Let G5(p, q, r) be a graph of order n = p + q + r + 4 as in Fig. 6, where
p ≥ 0 and q ≥ r ≥ 0.
(i) If p = 0; or r = 0; or r = q = 1; or r = 1, q = 2, p ≤ 5; or r = 1, 3 ≤ q ≤ 4,
p ≤ 3; or r = 1, p ≤ 2; or r = 2, 2 ≤ q ≤ 5, p ≤ 1; then λ4(G5(p, q, r)) < 2, i.e.
G5(p, q, r) ∈ G.
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(ii) If r = 1, q = 2, p ≥ 6; or r = 1, 3 ≤ q ≤ 4, p ≥ 4; or r = 1, q ≥ 5, p ≥ 3; or
r = 2, 2 ≤ q ≤ 5, p ≥ 2; or r = 2, q ≥ 6, p ≥ 1; or q ≥ r ≥ 3, p ≥ 1; then
λ4(G5(p, q, r)) ≥ 2, i.e. G5(p, q, r) /∈ G.
Fig. 6.
Proof. If r = 0; or p = 0; or r = q = 1, by Lemma 2.6, we have λ4(G5(p, q, r)) < 2.
If r = 1, q = 2, p = 5, then the characteristic polynomial of L(G5(5, 2, 1)) is equal to
λ(λ − 1)5(λ6 − 21λ5 + 157λ4 − 523λ3 + 781λ2 − 471λ + 96).
Hence λ4(G5(5, 2, 1)) < 2. By Lemma 2.1, λ4(G5(p, q = 2, r = 1)) < 2 for p ≤ 5.
By a similar argument, we can show that the assertion holds for the other cases. 
Lemma 2.8. Let G6(p, q) be a tree of order n = p + q + 5 as in Fig. 7, where p ≥ 0,
q ≥ 0. Then λ4(G6(p, q)) < 2.
Fig. 7.
Proof. By Lemma 2.1, we may assume that q = p ≥ 1. By a direct calculation, we can
show that the characteristic polynomial of L(G6(p, p)) is equal to
λ(λ − 1)2p−2(λ2 − (p + 2)λ + 1)[λ4 − (p + 8)λ3 + (6 p + 20)λ2
−(9 p + 18)λ + (2 p + 5)].
Then λ4(G6(p, q)) < 2. 
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3. All connected graphs with λ4(G) < 2
In this section, we characterize all connected graphs whose fourth largest Laplacian
eigenvalue is less than 2. Denote by Γn the set of all connected graphs of order n that do
not have any subgraphs isomorphic to one of H1–H7 in Fig. 1.
Lemma 3.1. Let G ∈ Γn. If G contains a cycle of order 4, then G must be a connected
subgraph of one of the graphs G1(p, q, r), G4(p, q, r) and G5(p, q, r).
Proof. Let G ∈ Γn be a connected graph of order n on vertex set V = {v1, . . . , vn}. Since
G contains a cycle of order 4, we only need to consider the following three cases.
Case 1. G contains a complete graph of order 4, K4, as an induced subgraph, say, with
vertex set {v1, v2, v3, v4}. Since H1 is a forbidden subgraph, the subgraph of G induced
by vertex set U = {v5, . . . , vn} has no edges. On the other hand, since H3 is a forbidden
subgraph, any vertex vi ∈ U is adjacent to only one vertex in {v1, v2, v3, v4}. Further,
there are no four disjoint edges having one of their end vertices in {v1, v2, v3, v4} and the
other one in U , since H2 is a forbidden subgraph. Hence G must be a G4(p, q, r) with
p ≥ q ≥ r ≥ 0.
Case 2. G contains a K4 − e (the graph obtained from a complete graph of order 4 by
deleting an edge) as an induced subgraph, say v1 ∼ vi for i = 2, 3, 4, v2 ∼ v3 and
v3 ∼ v4, where ∼ stands for the adjacency relationship, in the sequel. Since H1 is a
forbidden subgraph, the subgraph of G induced by vertex set U = {v5, . . . , vn} has no
edges. Moreover, since H3 is a forbidden subgraph, no vertex in U is adjacent to three
vertices in {v1, v2, v3, v4}. Hence we consider the following three subcases.
Subcase 2.1. There exist at least two vertices, say v5, v6, in U such that they are adjacent
to two vertices in {v1, v2, v3, v4}, respectively. Since H3 is a forbidden subgraph, we may
assume that v5 ∼ v1 and v5 ∼ v2. Then v6  v4, since H1 is a forbidden subgraph. So v6
is adjacent to two vertices in {v1, v2, v3}. Note that H1 and H3 are forbidden subgraphs.
Then v6 ∼ v2 and v6 ∼ v3. Clearly, except v5, v6, no vertex in U is adjacent to two vertices
in {v1, v2, v3, v4}. Moreover, no vertex vi is adjacent to v4 for i = 7, . . . , n. Hence G is a
subgraph of G1(p, q, r).
Subcase 2.2. Precisely one vertex of U is adjacent to two vertices in {v1, v2, v3, v4}. Since
H3 is a forbidden subgraph, we may assume that v5 ∼ v1 and v5 ∼ v2. Since H1 is a
forbidden subgraph, vi  v4 for i = 6, . . . , n. So G must be a subgraph of G1(p, q, r).
Subcase 2.3. No vertex in U is adjacent to two vertices in {v1, v2, v3, v4}. Since H2 is
a forbidden subgraph, there are no four disjoint edges having one of their end vertices
in {v1, v2, v3, v4} and the other one in U . Hence G must be a connected subgraph of
G1(p, q, r) or G5(p, q, r).
Case 3. G contains a cycle of order 4 as an induced subgraph, say v1v2v3v4. Since H1
is a forbidden subgraph, the subgraph of G induced by vertex set U = {v5, . . . , vn} has
no edges. On the other hand, since H2 is a forbidden subgraph, there are no four disjoint
edges having one of their end vertices in {v1, v2, v3, v4} and the other one in U . By a
similar argument as in Case 2, G must be a subgraph of G1(p, q, r). 
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Lemma 3.2. Let G ∈ Γn. If G does not contain a cycle of order 4 and contains a cycle of
order 3, then G must be a subgraph of one of the graphs G1(p, q, r), G2(p), G3(p, q, r)
and G7 as in Fig. 8.
Fig. 8.
Proof. Let G contain a cycle of order 3, say v1, v2, v3, in the vertex set
V = {v1, v2, . . . , vn}. Since H4 and H5 are forbidden subgraphs, the subgraph of G
induced by the vertex set U = {v4, . . . , vn} does not contain two disjoint edges or a cycle
of order 3. On the other hand, since G does not contain a cycle of order 4, no vertex in U
is adjacent to two vertices in {v1, v2, v3} for i = 4, . . . , n. If the induced subgraph G[U ]
has no edges, then G must be a subgraph of G1(p, q, r). Hence we may assume that the
induced subgraph G[U ] consists of a star graph K1,s , say v4, . . . , vs+4, s ≥ 1 and some
isolated vertices, where v4 ∼ vi for i = 5, . . . , s +4. We consider the following two cases.
Case 1. v4 is adjacent to one vertex in {v1, v2, v3}, say v4 ∼ v1. Then vi  v j for
i = 4, . . . , s + 4 and j = 2, 3, since G does not contain a cycle of order 4. We consider
the following two subcases.
Subcase 1.1. There exist two vertices, say vs+5, vs+6, in {vs+5, . . . , vn} such that vs+5 ∼
v2 and vs+6 ∼ v3. Then vi  v1 for i = 5, . . . , s + 4, since H4 is a forbidden subgraph.
On the other hand, since H2 is a forbidden subgraph, vi  v1 for i = s + 7, . . . , n. Hence
G must be a subgraph of G3(p, q, r).
Subcase 1.2. There exists at most one vertex in {vs+5, . . . , vn} that is adjacent to one of
v2 and v3, say vi  v3 for i = s + 5, . . . , n. Since G does not contain a cycle of order 4,
there exists at most one vertex in {v5, . . . , vs+4} that is adjacent to v1. Hence G must be a
subgraph of G1(p, q, r).
Case 2. v4  vi for i = 1, 2, 3. Then there exists one vertex, say v5, in {v5, . . . , vs+4}
that is adjacent to one vertex in {v1, v2, v3}, say, v5 ∼ v1. Then vi  v1 for i =
6, . . . , s + 4, since G does not contain a cycle of order 4. Hence we consider the following
three subcases.
Subcase 2.1. There exist two vertices, say v6, v7, in {v6, . . . , vs+4} that v6 ∼ v2 and
v7 ∼ v3. Then s = 3 and n = 7. Therefore G must be G7.
Subcase 2.2. There exists only one vertex, say v6, in {v6, . . . , vs+4} such that v6 is
adjacent to a vertex in {v1, v2, v3}. Since G does not contain a cycle of order 4, v6  v1.
X.-D. Zhang / European Journal of Combinatorics 24 (2003) 617–630 625
We may assume that v6 ∼ v2. If vi  v3 for i = s + 5, . . . , n, then vi is adjacent to v1
or v2 for i = s + 5, . . . , n. Hence G must be a subgraph of G1(p, q, r). If there exists a
vertex in {vs+5, . . . , vn}, say vs+5, such that vs+5 ∼ v3, then s = 2; otherwise G contains
H2 as a subgraph. Further, vi  v j for i = 8, . . . , n and j = 1, 2. Hence G must be a
subgraph of G2(p).
Subcase 2.3. vi  v j for i = 6, . . . , s + 4 and j = 1, 2, 3. If there exist at least two
vertices, say vs+5 and vs+6, in {vs+5, . . . , vn} such that vs+5 ∼ v2 and vs+6 ∼ v3, then
s = 1 and vi  v1 for i = s + 5, . . . , n, since G does not contain H2 as a subgraph.
Hence G must be a subgraph of G3(p, q, r). Therefore, we may assume that vi  v3 for
i = 4, . . . , n. Then G must be a subgraph of G1(p, q, r). 
Lemma 3.3. Let G ∈ Γn. If G does not contain a cycle of order 3 or 4, and contains a
cycle of order 5, then G is a subgraph of one of the graphs G1(p, q, r), G2(p) and G7.
Proof. Let the vertex set of G be V = {v1, . . . , vn}. Since G does not contain a cycle of
order 3, 4, and contains a cycle of order 5, G contains a cycle of order 5 as an induced
subgraph of G, say vi ∼ vi+1 for i = 1, 2, 3, 4 and v1 ∼ v5. Moreover, vi is not adjacent
to two vertices in {v1, . . . , v5} for i = 6, . . . , n. On the other hand, since H2 is a forbidden
subgraph, the subgraph of G induced by the vertex set U = {v6, . . . , vn} does not contain
two disjoint edges. Hence we consider the following two cases.
Case 1. G[U ] has no edges. We may assume that v6 ∼ v1. If there exists a vertex, say v7,
in U such that v7 ∼ v2 (or v7 ∼ v5), then vi  v j for i = 8, . . . , n and j = 3, 5 (or 2),
since G does not contain H2 as a subgraph. Hence G must be a subgraph of G1(p, q, r).
If vi  v j , for i = 7, . . . , n, j = 2, 5, then G must be a subgraph of G1(p, q, r).
Case 2. The induced subgraph G[U ] consists of a star graph K1,s , say v6, . . . , vs+6,
v6 ∼ vi for i = 7, . . . , s + 6 and s ≥ 1, and some isolated vertices. If there exists
one vertex in {v7, . . . , vs+6} that is adjacent to a vertex in {v1, . . . , v5}, say v7 ∼ v1. Then
s = 1, since G does not contain H2 as a subgraph. Moreover, for any u ∈ V \{v1, . . . , v7},
u  vi for i = 1, . . . , 5. Moreover, v6  vi for i = 2, 5. Hence n = 7 and G must be
a subgraph of G7. Therefore, we assume that v6 is adjacent to a vertex in {v1, . . . , v5},
say v6 ∼ v1 and vi  v j for i = 7, . . . , s + 6, j = 1, . . . , 5. Then vi  v j for
i = s + 7, . . . , n, j = 1, . . . , 5. Hence G is a subgraph of G2(p). 
Lemma 3.4. Let G ∈ Γn. If G does not contain a cycle of order 3, 4, 5 and contains a
cycle of order s ≥ 6, then G is a subgraph of G1(p, q, r).
Proof. Let the vertex set of G be V = {v1, v2, . . . , vn}. Since H2 and H7 are forbidden
subgraphs of G, G does not contain a cycle of order s ≥ 7. Moreover, since G does not
contain a cycle of order 3, 4, 5 and contains a cycle of order s ≥ 6, G contains a cycle of
order 6 as an induced subgraph of G, say vi ∼ vi+1 for i = 1, . . . , 5 and v1 ∼ v6. On the
other hand, since G does not contain H2 as a subgraph, the subgraph of G induced by the
vertex set U = {v7, . . . , vn} has no edges. We may assume that v7 ∼ v1. Then v7  v j
for j = 2, . . . , 6. Further, vi  v j for i = 8, . . . , n and j = 2, 4, 6. Hence G must be a
subgraph of G1(p, q, r). 
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Lemma 3.5. Let G ∈ Γn. If G is a tree, then G must be a subgraph of G1(p, q, r) or
G6(p, q).
Proof. Let the vertex set of G be V = {v1, . . . , vn}. Since H2 is a forbidden subgraph,
G does not contain a path of order 8 as a subgraph. Hence we consider the following four
cases.
Case 1. G contains a path of order 7, say vi ∼ vi+1 for i = 1, . . . , 6. Since G is a tree, the
path v1, . . . , v7 is an induced subgraph of G. On the other hand, since H2 is a forbidden
subgraph of G, then the subgraph of G induced by the vertex set {v8, . . . , vn} has no edges.
Further, vi is not adjacent to two vertices in {v1, . . . , v7} and vi  v j for i = 8, . . . , n and
j = 1, 3, 5, 7. Hence G must be a subgraph of G1(p, q, r).
Case 2. G does not contain a path of order 7 and contains a path of order 6, say vi ∼ vi+1
for i = 1, . . . , 5. Since G is a tree, the path v1, . . . , v6 is an induced subgraph of G.
On the other hand, since H2 is a forbidden subgraph of G, then the subgraph of G induced
by the vertex set {v7, . . . , vn} has no edges. Moreover there do not exist two vertices u, v
in {v7, . . . , vn} such that u ∼ v3, v ∼ v4. Hence it is easy to see that G is a subgraph of
G1(p, q, r).
Case 3. G does not contain a path of order 6 and contains a path of order 5, say vi ∼ vi+1
for i = 1, . . . , 4. Since G is a tree, the path v1, . . . , v5 is an induced subgraph of G.
On the other hand, since H2 is a forbidden subgraph of G, then the subgraph of G induced
by the vertex set {v6, . . . , vn} does not contain two disjoint edges. If G[v6, . . . , vn ] has no
edges, it is easy to see that G is a subgraph of G1(p, q, r). We may assume that the induced
subgraph G[U ] consists of a star graph K1,s , say v6, . . . , vs+6, v6 ∼ vi for i = 7, . . . ,
s + 6, s ≥ 1; and some isolated vertices. We consider the following two subcases.
Subcase 3.1. If there exists one vertex, say v7, in {v7, . . . , vs+6} such that v7 is adjacent to
a vertex in {v1, . . . , v5}, then v7 ∼ v3 and s = 1; otherwise G contains H2 as a subgraph.
Further, v6  v j for j = 1, . . . , 5 and vi  v3 for i = 8, . . . , n. Hence G is a subgraph of
G6(p, q).
Subcase 3.2. vi  v j for i = 7, . . . , s + 6 and j = 1, . . . , 5. Then v6 ∼ v3, since G
does not contain a path of order 6. Moreover, vi  v3 for i = s + 7, . . . , n, since G does
not contain H2 as a subgraph. If s = 1, then G is a subgraph of G6(p, q). If s ≥ 2, then
there are no two disjoint edges having one of their end vertices in {v2, v4} and the other
one in {vs+7, . . . , vn}, since H6 is a forbidden subgraph. Hence G must be a subgraph of
G6(p, q).
Case 4. G does not contain a path of order 5. It is easy to see that G must be a subgraph
of G1(p, q, r). 
We sum up the results of Lemmas 3.1–3.5 as follows.
Theorem 3.6. A connected graph G of order n belongs to Γn, i.e. a connected graph G
does not contain any subgraph isomorphic to any one of the graphs H1–H7 if and only if G
is a subgraph of one of the following graphs: G1(p, q, r), G2(p), G3(p, q, r), G4(p, q, r),
G5(p, q, r), G6(p, q) and G7.
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We are now ready to present the main result of this paper.
Theorem 3.7. A connected graph of order n ≥ 4 satisfies λ4(G) < 2 if and only if G is
a subgraph of one of the following graphs: G1(p, q, r); G2(p); G3(p, q, r) where p, q, r
satisfy the condition of Lemma 2.5(i); G4(p, q, r) where p, q, r satisfy the condition of
Lemma 2.6(i); G5(p, q, r), where p, q, r satisfy the condition of Lemma 2.7(i); G6(p, q)
and G7.
Proof. The assertions follow from Theorem 3.6 and Lemmas 2.2–2.8. 
Corollary 3.8. A connected bipartite graph G of order n ≥ 4 satisfies λ4(G) < 2 if and
only if G is a connected subgraph of one of the following graphs: G6(p, q), G8(p, q, r)
and G9(p, q) as in Fig. 9.
Fig. 9.
Proof. If λ4(G) < 2, by Theorem 3.7, G is a connected subgraph of one of the
following graphs: G1(p, q, r); G2(p), G3(p, q, r), where p, q, r satisfy the condition of
Lemma 2.5(i); G4(p, q, r), where p, q, r satisfy the condition of Lemma 2.6(i);
G5(p, q, r), where p, q, r satisfy the condition of Lemma 2.7(i); G6(p, q) and G7. Since
G is bipartite, it is easy to see that G must be a connected subgraph of one of the
following graphs: G6(p, q), G8(p, q, r) and G9(p, q, r). The converse follows from
Theorem 3.7. 
4. Graphs with λ3(G) ≥ 2 and λ4(G) < 2
In order to characterize all connected graphs that have exactly three Laplacian
eigenvalues no less than two, we need the following two Lemmas.
Lemma 4.1. Let G10(p, q) and G11 denote the graphs as in Fig. 10. Then λ3(G10(p, q))
< 2 and λ3(G11) < 2.
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Fig. 10.
Proof. By Lemma 2.1, we may assume that p = q ≥ 1. The characteristic polynomial of
L(G10(p, p)) is equal to
λ(λ − 1)2p−2(λ2 − (p + 4)λ + 3)(λ2 − (p + 4)λ + (2 p + 3)).
Then λ3(G10(p, p)) < 2 and therefore λ3(G10(p, q)) < 2 for any p ≥ 0 and q ≥ 0.
By a direct calculation, λ3(G11) < 2. 
Lemma 4.2. Let G be a connected graph of order n. Then λ3(G) < 2 if and only if G is a
subgraph of G10(p, q) or G11.
Proof. If G is a subgraph of G10(p, q) or G11, by Lemmas 2.1 and 4.1, we have
λ3(G) < 2.
Conversely, we assume that λ3(G) < 2. If n ≤ 5, it is easy to see that G is a connected
subgraph of G10 or G11. Hence we may assume that n ≥ 6. It is easy to see that the cycle
of order 4 and the graph that consists of three disjoint edges satisfy λ3(Hi) ≥ 2. Hence G
does not contain a cycle of order s ≥ 4. Now we consider the following two cases:
Case 1. G contains a cycle of order 3, say, v1, v2, v3, where V = {v1, . . . , vn} is the vertex
set of G. Moreover, the subgraph of G induced by the vertex set U = {v4, . . . , vn} has no
edges. Hence G must be G10(p, q).
Case 2. G does not contain a cycle of order 3. Then G is a tree. Since G does not contain
three disjoint edges, G does not contain a path of order s ≥ 6. Let G contain a path of
order 5, say v1, . . . , v5 and vi ∼ vi+1 for i = 1, . . . , 4. Clearly, vi  v3 for i = 6, . . . , n.
Hence G is a subgraph of G10(p, q). If G does not contain a path of order 5, then G must
be a subgraph of G10(p, q). 
We now present the main result in this section.
Theorem 4.3. A connected graph G of order n ≥ 4 has exactly three Laplacian
eigenvalues no less than two if and only if G satisfies the conditions of Theorem 3.7, but is
not a subgraph of G10 or G11.
Proof. The assertions follow from Theorem 3.7 and Lemma 4.2. 
Remark. A pendent of G is a vertex of degree 1 and a vertex is quasi-pendent if it is
adjacent to a pendent. Denote by q(G) the number of quasi-pendent vertices of G and
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mG [2, n] the number of Laplacian eigenvalues of G with no less than two. Merris in [7]
proved that q(G) ≤ mG [2, m]. It is interesting to characterize all extreme graphs with
equality. Clearly, it follows from Theorem 4.3 that all graphs with q(G) = mG [2, n] ≤ 3
can be characterized.
Corollary 4.4. A connected bipartite graph G of order n ≥ 4 has exactly three Laplacian
eigenvalues no less than two if and only if G is a subgraph of one of the following graphs
G6(p, q), G8(p, q, r) and G9(p, q, r); but not a subgraph of G12(p, q), G13(p, q) as in
Fig. 11.
Fig. 11.
Proof. The corollary follows from Theorem 4.3 and Corollary 3.8. 
Petrovic´ and Milekic´ in [11] characterized all connected graphs whose line graphs
satisfy µ2 ≤ 1. By the above result, we can characterize all connected bipartite graphs
whose line graphs µ3 ≥ 0, µ4 < 0.
Theorem 4.5. Let F be the line graph of a connected bipartite graph G. Then the
adjacency matrix of F has exactly three nonnegative eigenvalues if and only if G is a
subgraph of G6(p, q), G8(p, q, r) and G9(p, q, r); but is not a subgraph of G12(p, q) or
G13(p, q).
Proof. By Lemma 1 in [10], λi (G) = 2 + µi (F), where F is the line graph of a bipartite
graph G. Hence the assertion follows from Corollary 4.4. 
Acknowledgements
The author would like to thank the anonymous referees very much for valuable
suggestions, corrections and comments, which resulted in a great improvement of the
original manuscript. This work was supported by the National Natural Science Foundation
of China and the Project Sponsored by SRF for ROCS, SEM.
References
[1] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, American Elsevier Publishing Co., New York,
1976.
[2] D. Cvetkovic´, M. Doob, H. Sachs, Spectra of Graphs—Theory and Applications, third edition, Academic
Press, New York, 1995.
[3] R. Grone, R. Merris, V. Sunder, The Laplacian spectrum of a graph, SIAM J. Matrix Anal. Appl. 11 (1990)
218–238.
630 X.-D. Zhang / European Journal of Combinatorics 24 (2003) 617–630
[4] J. Guo, T. Wang, A relation between the matching number and Laplacian spectrum of a graph, Linear
Algebra and its Applications 325 (2001) 71–74.
[5] I. Gutman, D. Babic, V. Gineityte, Degeneracy in the equivalent bond orbital model for high energy band in
the photoelectron spectra of saturated hydrocarbons, ACH Models in Chemistry 135 (1998) 901–909.
[6] I. Gutman, V. Gineityte, M. Lepovic´, M. Petrovic´, The high-energy band in the photoelectron spectrum of
alkanes and its dependence on molecular structure, J. Serb. Chem. Soc. 64 (1999) 673–680.
[7] R. Merris, The number of eigenvalues greater than two in the Laplacian spectrum of a graph, Portugal. Math.
48 (1991) 345–349.
[8] R. Merris, Laplacian matrices of graphs: a survey, Linear Algebra and its Applications 197–198 (1994)
143–176.
[9] B. Mohar, Some applications of Laplace eigenvalues of graphs, in: G. Hahn, G. Sabidussi (Eds.), Graph
Symmetry, Kluwer Academic Press, Dordrecht, 1997, pp. 225–275.
[10] M. Petrovic´, I. Gutman, M. Lepovtic´, B. Milekic´, On bipartite graphs with small number of Laplacian
eigenvalues greater than two and three, Linear and Multilinear Algebra 47 (2000) 205–215.
[11] M. Petrovic´, B. Milekic´, On the second largest eigenvalues of line graphs, J. Graph Theory 27 (1998) 61–66.
[12] E.R. Van Dam, W.H. Haemers, Graphs with constant µ and µ, Discrete Math. 182 (1998) 293–307.
